ABSTRACT. We describe geometric realizations for various classes of admissible representations of reductive Lie groups. The representations occur on partially holomorphic cohomology spaces corresponding to partially holomorphic homogeneous vector bundles over real group orbits in complex flag manifolds. The representations in question include standard tempered and limits of standard tempered representations, and representations induced from finite dimensional representations of real parabolic subgroups.
Harmonic analysis on Lie groups and their homogeneous spaces has been guided and influenced by various geometric constructions of unitary representations. Those unitary representations are the building blocks for the extensions of classical Fourier analysis relevant to the analytic problems in question. Here I'll try to indicate some aspects of the background, concentrating on the interplay between geometry and analysis, I'll indicate some extensions that now seem worth writing down, and I'll mention some interesting open problems.
The best known geometric realization of group representations is the Bott-
Borel-Weil Theorem from the 1950's ([2], [19]). If G is a compact connected
Lie group and T is a maximal torus, then a choice <J>+ = <J>+(g, t) of positive root system defines a G-invariant complex manifold structure on G jT by:
I:aE<I>+ {Ja represents the holomorphic tangent space. Now fix that structure and let ,\ E it() be integral, that is, e>-is a well defined character of T. View e" as a representation ofT on a 1-dimensional vector space E>. and let lE>. ----> G jT denote the associated homogeneous holomorphic hermitian line bundle. We write O(lE.x) --> G /T for the sheaf of germs of holomorphic sections of lE.x --> G jT. In the Bott-Borel-Weil Theorem, C(w) can be described as the number of positive roots that w carries to negative roots, the representation of G with highest weight w(A + p)-p can be described as the discrete series representation with Harish-Chandra parameter w( A+ p), and, by Kodaira-Hodge Theory,
Hq ( G /T; O(lE.x)) is naturally G-isomorphic to the space of harmonic differential forms of bidegree (0, q) on G /T with values in lE.x. In 1965 Kostant and Langlands independently conjectured an analog of the Bott-Borel-Weil Theorem for connected noncompact semisimple Lie groups with finite center. The conjecture was proved in the 1970's in two stages by Schmid ([23] , [25] ), and I extended the result (also in the 70's) to general semisimple Lie groups [31] . The representations in question there are the discrete series representations of G. They are the fundamental building blocks for the tempered representations of G, which in turn are the representations that enter into the Plancherel formula for G. My structure theory for the geometry of real group orbits G(z) C Z ~ Gc/ P on complex flag manifolds from the late 1960's [30] also led [31] to corresponding geometric realizations for all standard tempered representations of general semisimple Lie groups G. This followed a line of attack that in retrospect was modelled on the Kostant-Kirillov-Souriau theory of geometric quantization.
In the context of semisimple Lie groups, the theory of geometric quantization seemed to founder on several seemingly intractable technical problems. Typically these involved questions of closed range or of vanishing for cohomology except in a particular degree, especially in regard to representations whose infinitesimal character was singular or even just not very nonsingular.
By the middle 1970's many mathematicians began to look for alternatives to or variations on standard geometric quantization. Methods involving varying polarizations or structure group liftings had specialized success, and the derived functor modules of Vogan and Zuckerman [29] took a central position in the representation theory of semisimple Lie Groups G. Those License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms of [26] to make a change of polarization argument, starting with the tempered case, which had become the case of a maximally real polarization. In the setting of real group orbits on the flag manifold X ~ Gc/ B of Borel subalgebras of g, this gave us the connection between hyperfunction quantization and the derived functor modules of Vogan and Zuckerman. That settled the technical problems, mentioned above, for geometric quantization on X ~ Gc/ B, and at the same time identified the resulting representations.
Of course much of the geometric interest in this requires more general flag manifolds than the flag of Borel subalgebras of g. There is some work on pushing the hyperfunction quantization method down from the flag X ~ Gc/ B to a more general flag manifold W ~ Gc/P. This [13] ) where a minimal-globalization form of localization is developed and applied to n-homology and an elegant geometric character formula. Finally, there is work of Kashiwara, Schmid, Vilonen and many others which would take too much space to catalog.
In Section 2 we specify our class of real Lie groups, and we recall the basic facts [30] concerning real group orbits on complex flag manifolds. We concentrate on the type of orbit that comes into the geometric constructions of representations. Those orbits are the measurable open orbits for the Dolbeault cohomology realization of representations such as those of the discrete series, measurable integrable orbits for the partially holomorphic cohomology realization of representations such as those of the various tempered series.
In (G 0 ) and IGIZG 0 I < oo.
The Harish-Chandra class of reductive Lie groups is the case where G I G 0 is finite and [G 0 , G 0 J has finite center. As in the case of Harish-Chandra class groups, the first part of (2.1) says that irreducible admissible representations of G have well defined infinitesimal characters. The second part says that irreducible admissible representations of G more or less have central characters -that if 1r is any such representation then the restriction of 1r to the commutative group Z Zco is a sum that involves at most I G I Z G 0 I < oo distinct quasicharacters.
The first condition of (2.1) also says that G has a well defined natural action on all complex flag manifolds for g. Specifically, if q is any parabolic subalgebra of g and if g E G it says that Ad(g)q is Int(g)-conjugate to q. Now G acts on the flag manifold W consisting of all Int(g)-conjugates of q by g: Ad(g1 )q 1---+ Ad(ggl)q.
We identify W with the compact complex manifold Int(g)IQ where Q is the parabolic subgroup of Int(g) that is the normalizer of q.
The subgroup Za(G 0 ) C G acts trivially on the complex flag manifold W, so for purposes of C-orbit structure we may replace G by the group G = GIZa ( G 0 ) of Harish-Chandra class. In the remainder of §2 we make that replacement, but we will have to make the distinction in § §3 and 4.
With the replacement just described, G c Gc = Int(g) and W = Gc/Q with G acting as a subgroup of Gc. If w = gQ E Gc/Q = W then we will write Qw and qw for the isotropy subgroup gQg-1 of Gc at wand the isotropy subalgebra of g there. We write 7 for complex conjugation of g over g0 .
The intersection of any two parabolic subalgebras of g contains a Cartan subalgebra. From this, (2.2) qw n rqw contains a r-stable Cartan subalgebra I) of g. 
Lie subgroup of G that is transitive on S. In particular S is an embedded cw sub manifold of W. This notion is nicely set up for combining holomorphic and real induction of group representations, but the catch is that holomorphic arc components might not be complex submanifolds. is a subalgebra of g. When those conditions hold, we say that the orbit C( w) is partially complex. In particular, if r is empty, then no ( Sw) = sa ( Sw) = ma ( Sw) and C( w) is partially complex.
We will say that the orbit C(w) C W is of flag type if Na(Sw' )c(w') is a complex flag manifold for w' E C(w). We say that C(w) is measurable if Sw' carries an Na(Sw' )-invariant positive Radon measure for w' E C(w). We say that C(w) is polarized if the qw' haver-stable reductive parts for w' E C(w). Set In the setting of the Bott-Borel-Weil Theorem, described in § 1 above, the classical theorems of Dolbeault, Hodge and Kodaira tell us that every cohomology
) is represented by exactly one harmonic (0, q)-form on C jT with values in F.>,. In this section we suppose that Cis a general semisimple group as in (2.1). We first describe the realization of relative discrete series representations by square integrable harmonic differential forms. Then, using real group orbit results mentioned in §2, we describe the realization of standard tempered representations by square integrable partially harmonic forms.
If ~0 is a Cartan subalgebra of g0 , then by definition the corresponding Cartan subgroup of cis given by H = {g E c I Ad(g)e = e for all e E ~o}. Note that
and that H n C 0 is the Cartan subgroup of C 0 with Lie
We may (and do) replace Z by ZZ 0 o, which still satisfies the requirements of (2.1), but which also satisfies:
Zao. An irreducible unitary representation 1r E G belongs to the relative discrete 
be the root system, let q>+ = q>+(g, t) a choice of positive root system, and let
, half the trace of adglt on EaE<I>+ 9a· If rr is a relative discrete series representation of G and 871" is its distribution character, then the equivalence class of 7f is determined by the restriction of e71" to 
for z E ZG(G 0 ) and x E T 0 n G'. Here note that rrl = xlza(Go) Q9 rr~. The same datum x specifies a relative discrete series representation 7rx = Indgt(rrl) of G.
7f X is characterized by the fact that its distribution character is SUpported in Qt, where (3.2) with 'Yi = Ad(gi) !Gt where {g1 , ... , gr} is any system of coset representatives of G modulo at. To combine these into a single formula one chooses the gi so that they normalize T, i.e. chooses the 'Yi to be a system of coset representatives of w modulo wt.
Every relative discrete series representation of G is equivalent to a representation 7fx as just described. Relative discrete series representations 7fx and 7fx' are equivalent if and only if x' = x · w-1 for some wE W.
A choice q>+ = q>+(g, t) of positive root system defines a G-invariant complex manifold structure on G /T such that EaE<I>+ 9a represents the holomorphic tangent space. In effect, a choice of q>+ is a choice of Borel subalgebra b = t + EaE<I>+ 9-a C g. Let X denote the flag variety of Borel subalgebras of g and let x EX stand for the just-described Borel subalgebra b. 
A+ p1 is <I>(r, t)-regular and this implies x = I nd£ 1 (x t). We will call .A the highest weight of x.
Note that .A+ p1 is the Harish-Chandra parameter for the infinitesimal character of x. This of course is a special case of the relative discrete series picture.
We will simply refer to .A+ PI as the infinitesimal character of X· Since x is unitary, the bundle lEx --+ Y has a C-invariant hermitian metric. The representations of G that enter into its Plancherel formula are the tempered representations. They are constructed from a certain class of real parabolic subgroups of G, the cuspidal parabolic subgroups, combining the relative discrete series construction for the reductive part of cuspidal parabolic with unitary induction from the parabolic up to G. We start by recalling the definitions. Let x E Hand consider the basic datum (H, b, x) . Fix a B-stable Cartan subgroup H C G and a positive root system <I>+ = <t>+(g, ~) defined by positive root systems <t>+(m, t) and <t>+(g0 , a0 ) as in (4.2) above. Then we have the associated cuspidal parabolic subgroup P = MAN c
G.
We Ap,q (Y; lE~-t,u) : measurable sections of lE~-t,u ® f1P1'* ® A qj* (4.9a) that are c= on each holomorphic arc component.
The subspace of square integrable partially smooth forms is defined just as one might guess. Let # denote the Kodaira-Hodge orthocomplementation mapping
Ap,q (Y; lE~-t,u) ~ A n-p,n-q (Y; lE;,u) on each holomorphic arc component, and let
1\ denote exterior product followed by contraction, so pointwise wl\#w is llwll 2 times the volume element of the holomorphic arc component. Now we have (4.9b) Ap,q(Y·JE ) : all wE AP·q(Y·JE ) such that
JK/U Jskw
The Kodaira-Hodge-Laplace operators on the restrictions of lE~-t,u to the holomorphic arc components fit together to give us essentially self adjoint operators 0 on the Hilbert space completions of the A~·q (Y; lE~-t,u).
Their kernels are the spaces Given a choice of <J>+(g, ~) as above, we realize the corresponding standard Hseries representations of G on partial Dolbeault cohomology as follows. Given Ell,a ___, Y as above, we have the sheaf (5.5a) When X is irreducible, (5.5a) and (5.5b) reduce to: f(x; ~) = 0 for all x E G and ~ E qn. In the more general case considered here, (5.5) is the appropriate condition; see [28] . Now we can state Except for the Frechet space structure on the cohomologies, Proposition 5. 7 is the starting point of [27] for the construction of standard admissible representations. The Frechet space structure itself comes out of some variations (see § §6 and 7 below) on the methods of [27] .
In our more general context, a basic datum corresponding the the setup of We write s = sy in for the complex dimension of the maximal compact
For two classes of representations TJ of (q, £) we'll describe a bundle IE'I--+ Y and a sheaf Oq(IE'I) --+ Y, and we'll discuss the representations of G on to Hq(Y; Oq(IE'I)). Second, we consider the case where TJ may be infinite dimensional but is constrained to be one of the cohomology space representations described in Theorem 6.1 for an open £-orbit on the flag manifold of Borel subalgebras of [ = qr. As we saw in §5, this includes all fundamental series 2 representations of L, and a moment's thought shows that it includes all standard representations of L whose character has support that meets the elliptic set 3 Let x be a finite dimensional representation of (b, H). Let 'x be its restriction to a representation of ('b, H) . consider the associated homogeneous holomorphic vector bundles of finite rank
They define the sheaves of germs of holomorphic sections
which conversely define the holomorphic structure of the bundles [28] .
We now suppose that x, as a representation of H, is G(x)-antidominant with infinitesimal character >.. We also suppose that x(bn) = 0. Denote dimensions of maximal compact subvarieties by Fix a parabolic subgroup P C G, not necessarily cuspidal. In this Section we study measurable integrable orbits Y = G(w) C Win complex flag manifolds.
For the appropriate choices of (W, w), which means q = qw such that p = q + Tq, we show that the fibres of Y ---+ Gj P are (up to topological components) the holomorphic arc components of Y. With this, we study representations induced from P from the viewpoint of our orbit picture, extending the scope of our geometric construction of the standard tempered representations.
We now look for all complex flag manifolds W ~ 
and a(~)= 0 for all a E ll>(pr, ~)}.
Then pr = M x A and H = J x A where A is the analytic subgroup of G for ao, where jo = a~ n ~o, and where m = j + I:aE<I>(pr,~) g"'. Also, here, J is a fundamental Cartan subgroup of M and N is the analytic subgroup of G for the real form n0 = n n g0 of n = pn. The real parabolic P is cuspidal if and only if JfZa(G 0 ) is compact. Given (7.1), the algebras p and q are related by (7.3a) uo c mo is the rna-centralizer of a subspace of j, (7.3b) t C m is a parabolic subalgebra with reductive part tr = u, and (7.3c) q = qr + qn where qr = u +a and qn = tn + n.
Conversely, given P and its Langlands decomposition, (7.3) gives the construction of all q that satisfy (7.1). 
a+b=q
Here we use the fact that the isotropy subgroup U AN of G at w has orbit U AN(x) = U(x) because a+ n C b. The vanishing in Theorem 7.9 now tells us that
It also follows from Theorem 7.9 that the space (7.12) has a natural Frechet space structure for which the action of G is a continuous representation. Now we have the extension of Theorem 6.9 from measurable open orbits to measurable integrable orbits: 
Section 8. Open Problems.
The first obvious open problem is to remove the requirement of finite dimensionality from the representations x of Theorem 6.1. This is done, but only in special cases, in Theorem 6.9. The problem divides into several parts: a clean functorial definition of the topology of the Dolbeault complex, the closed range problem for the a-operator, keeping track of the infinitesimal character, and a vanishing theorem for the antidominant case. It would be especially interesting here to understand whether the infinitesimal character and the vanishing theorem really need x( qn) = 0, even in the finite dimensional case. Most of this was done by H.-W. Wong [34] for finite dimensional x, but it is not at all clear how to proceed in the infinite dimensional case.
The second obvious open problem is to remove the requirement of finite dim~nsionality from the representations (3 of Theorem 7.9. This is done, again only in special cases, in Theorem 7.13, respectively. The problems include those of the measurable open orbit case, but here one must first find a good subcomplex of the partial Dolbeault complex that computes the cohomologies, and then one must have the solution to the first problem for the holomorphic arc components.
Third, it would be good to use this geometric setting to obtain character formulas. This is done in another setting by Hecht and Taylor [13] .
Fourth, one needs a better connection between representations constructed as in this paper from the C-orbit structure of a complex flag manifold W and those constructed by localization methods from the K c-or bit structure. This is fine up on the flag of Borel subalgebras of g ( [9] , [10]), but not yet satisfactory in general.
Finally, of course, one can ask how much of this goes over to the quantum group setting.
